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Abstract
We consider a dilute system of small hard beads or hard fibers immersed in a very soft gel able to
withstand large elastic deformations. Because of its low to very low shear modulus, this system is very
sensitive to small forces. We calculate the local deformation induced by a constant volume force, the
inclusion weight. We explain how this deformation could be put in evidence by using techniques similar to
the PIV method (particle image velocimetry) used to show complex velocity fields in transparent fluids.
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INTRODUCTION
This paper is to introduce a new kind of material. We call it ”soft granular matter” because
it is made of grains (beads or fibers of hard solid, basically non deformable in the conditions we
shall consider) immersed in a very soft elastic and transparent solid which is able to withstand
large deformations. Hard beads immersed in a gel have been considered before by Chaudhury and
collaborators [1] in the case of beads entering the gel from its free surface under the influence of
gravity. In this case, surface tension plays also an important role, which is a priori not the case in
the situation we have in mind, namely dilute beads immersed in the gel before the gelification.
We outline first some expected properties of this material and then how it can be used to inves-
tigate various physical problems.
The mechanical properties of very soft gels have been subjected lately [2, 3] to detailed studies
because, contrary to often believed, they make excellent elastic solids, being able to stand re-
versibly large strains (contrary to most materials we think as elastic, like iron or glass). Those gels
have been shown recently [2] to be sensitive to small forces like surface tension. We have shown
the existence of a Rayleigh-Plateau instability for the first time in this kind of (soft) solid. There-
fore it is an important issue to look at the possibility to use this soft matter to measure small forces
by their deformation. This is a priori a non trivial task, because gels are made almost uniquely
of water, so that the elastic stress in the gel is almost invisible in its atomic structure. A way to
overcome this difficulty is to immersed beads into a gel so that they follow the distortions of the
gel. We explain at the end possible ways to measure such distortions.
THE DILUTE REGIME
Consider a suspension of (hard) beads in a soft gel. Because the gel is soft, we have to consider
first the tendency of beads in real life to fall down under their own weight. Let ρ be their relative
density with respect to the gel (this is the difference between the mass density of the beads and of
the gel, assumed to be positive), let R be the radius of the beads (assumed to be spherical although
this is not a crucial point if the small bead is compact with all typical length of the same order).
Thin needles instead of compact beads are also interesting and are considered below, after compact
beads. Let µ be the shear modulus of the gel. Let δ be the vertical displacement of the immersed
bead under its own weight (Fig. 1). One must compare δ and the radius R of the bead. Assume
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FIG. 1: A bead of radius R is placed in a gel of shear modulus µ at zero gravity. Once the gravity is turned
on, the vertical displacement of the bead under its own weight is δ.
first that δ  R, and let us find its order of magnitude. This is derived, as usual in mechanical
problems of this kind, by comparing two energies: the potential energy of the bead in the field
of gravitation and the elastic energy due to the downshift of the bead in the elastic medium. We
assume that the gel is neo-Hookean, a fair representation of many soft gels. In neo-Hookean
material, the elastic energy of a strained configuration is µ (shear modulus) times the deformed
volume times the square of the strain. The strain is of order 1, because there is no length scale in
the equations of neo-Hookean materials, so that the gradient of a displacement field (the strain)
has to be of order one. Therefore the elastic energy is of order of magnitude µδ3 because the
domain where there is deformation is of size δ, the only length scale, as the radius of the bead can
be neglected. At equilibrium this elastic energy must be of the same order of magnitude as the
drop of potential energy in the gravity field, namely ρR3gδ. This gives
δ ∼ R3/2δ−1/20 ,
where δ0 = µρg . This length gives the magnitude of the vertical fall if the radius R is much bigger
than δ0.
Let us consider now the opposite limit R  δ0, a limit where we expect that δ  R and so the
deformation to be small enough to make the Hookean (instead of neo-Hookean before) approxi-
mation of a small strain valid. Let us estimate δ in this case. The change in the gravitation energy
is still ρgR3δ. The Hookean elastic energy of deformation is µ times the square of the strain times
R3 (volume of the bead, also the order of magnitude of the volume where the elastic energy is
stored: because the equations of linear Hookean elasticity are elliptic the range of the perturbed
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domain is fixed by the boundary conditions, implying therefore the radius of the bead). The order
of magnitude of the dimensionless strain is δ/R so that the balance of the elastic and gravitation
energy yields
δ ∼ R
2
δ0
in this case, a result valid in the limit R  δ0. Of course, this last result is consistant with the
exact calculation. The Navier-Cauchy equation for a linear elastic and incompressible medium is
∇ · σ +∇p = 0 with the incompressibility condition ∇u = 0, where u is the displacement field,
σ the extra-stress tensor (σij = µ(ui,j + uj,i) in Cartesian coordinates) and p the (non-hydrostatic)
pressure. The boundary condition at the bead surface is u = δ. These equations are equivalent
to those for the drag force exerted on a spherical bead with very small Reynolds numbers in a
viscous fluid, changing the displacement field with the velocity field, the downshift δ with the
bead velocity, and µ with the fluid viscosity. Stokes’law [4] gives F = 6piRµδ with F = 4
3
piR3ρg
and then δ = 2
9
ρg
µ
R2 = 2
9
δ0R
2.
The asymptotic behaviours of δ are shown in Fig. 2.
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FIG. 2: Asymptotic behaviours of the dimensionless downshift as a function of the dimensionless radius.
The dotted line, representing slope 1, is a guide for the eyes.
Let us consider now a long needle of radius R and length L, such that L  R, with a relative
mass density ρ. The other quantities have the same definition as before. In all cases, let δ be the
downshift due to gravity when the needle is left in gel of shear modulus µ. Consider first a very
long needle. The drop of gravitation energy due to the downshift is of order ρR2Lgδ. Assuming
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δ  R and that the strain is of order one, one finds that the elastic energy due to the deformation
of the gel is of order µLδ2. Balancing the two enegies, one obtains
δ ∼ R
2
δ0
.
This is derived under the condition δ  R. In the opposite limit we use the previous correspon-
dence relation between the linear elastic problem and the Newtonian fluid problem. The drag
force exerted on a fiber with the relative velocity V in a fluid (viscosity η) is F = 2αpi
log(L/R)
ηV L
where α = 1 for a velocity parallel to the fiber axis, and α = 2 for a velocity perpendicular to it.
This is valid only in the limit of low Reynolds numbers [5]. Using the same changes as for beads,
one obtains δ = R
2
αδ0
log L
R
. The order of magnitude of δ is the same as in the opposite case δ  R,
which is consistent with the condition R δ0.
Let us return to the case δ  R, but in the limit R  L  δ, although we had before L  δ.
The gravitational energy due to the downshift is still ρR2Lgδ. The elastic energy of deformation
is just µδ3 because the pertubed region in the gel is the largest length, namely δ. The balance of
the two energies yields δ ∼
(
LR2
δ0
)1/2
, valid if R L R2
δ0
.
THE SEMI-DILUTE REGIME
For a uniformly distributed random suspension Batchelor [6] showed that the average sedimen-
tation speed of monodisperse spherical particles (radius R) through a viscous fluid (viscosity η)
under the effect of gravity is, at small Reynolds Number v = 2
9
ρg
η
R2(1 − 6.55φ + O(φ2)) where
φ is the suspension volume fraction. Considering the elastic problem, we deduce that, under the
condition δ  R, the average displacement of the beads is :
δ =
2
9
ρg
µ
R2
(
1− 6.55φ+O(φ2)) , (1)
φ being the beads volume fraction.
APPLICATIONS
To have a dispersion homogeneous at the scale of the gel, the size system must be much bigger
than the length scale δ, otherwise, the immersed particles will tend to fall to the bottom of the gel.
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As those gels are made from a liquid solution, one should prepare it by putting also the inclusions
initially in the liquid destined to make the gel. To avoid the settling of the particules to the bottom
of the solution during the gelification, on may think to rotate this solution around an horizontal
axis.
What is the interest of this material? As said above, the gels made in this way are transparents.
Therefore the immersed particles will be like the small particles used in the visualisation of fluid
flows, in the now well used technique of PIV (particles image velocimetry) [7]. There are some
variants of this technique, but the general idea is always the same: by taking images of the particles
at slightly different times and by assuming that they are convected by the local fluid velocity, the
field of the displacements between two snapshots gives the velocity field, after division by the
interval of time. In the case of the particles immersed in a gel, the two snapshots would be taken
at different values of an imposed external stress and so give the distribution of strain in the gel.
No such information is usually available in regular elastic solids where the strain can at best be
inferred from displacements on the surface. Photoelasticimetry is a possible way of measuring
bulk deformation in elastic solids, but the sensitivity of this method has a quite weak.
This device could be used in fondamental problems of solid mechanics, like for instance the
distribution of strain near the tip of fractures, already studied, although indirectly, in gels [8].
Without having done experiments and particularly without having an idea of the ultimate sensi-
tivity of the method, it is difficult to discuss other applications. We can only mention several
problems where small forces need to be measured. Such a fundamental problem is the so-called
Abraham-Minkowski dilemma concerning radiation pressure in refractive media [9], still a con-
troversial matter after more than a century. Of course one may think also to measurements of the
weak force of gravitation: could the particles in a gel be moved measurably by the Newtonian
attraction of an external mass? If it can, it could be a way to measure how Netwon’s law changes,
if it does, at small distances.
Another field of use of this material could be the study of its behaviour under large strains:
gels are well approximated by the neo-Hookean theory. So one might wonder if they change
behaviour if the density of beads becomes finite (instead of small as in the applications we thought
about). It could be that the randomness so introduced yields regions of large strain, even with
a finite average strain. Such a concentration of strain and stress is believed to be responsible of
the irreversible creeping in some materials. It could be that, locally, because of the fluctuations
a Biot-like instability [10] occurs at small scale, inducing so an irreversible transformation of the
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material.
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